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Abstract
The tunneling formalism in the Hamilton-Jacobi approach is adopted to study
Hawking radiation of massless Dirac particles from spherically symmetric black hole
spacetimes incorporating the effects of the generalized uncertainty principle. The
Hawking temperature is found to contain corrections from the generalized uncer-
tainty principle. Further, we show from this result that the ratio of the GUP cor-
rected energy of the particle to the GUP corrected Hawking temperature is equal to
the ratio of the corresponding uncorrected quantities. This result is then exploited
to compute the Hawking temperature for more general forms of the uncertainty
principle having infinite number of terms. Choosing the coefficients of the terms in
the series in a specific way enables one to sum the infinite series exactly. This leads
to a Hawking temperature for the Schwarzschild black hole that agrees with the
result which accounts for the one loop back reaction effect. The entropy is finally
computed and yields the area theorem upto logarithmic corrections.
The existence of a minimal observable length is a common feature of all candidate theories
of quantum gravity such as string theory [1]-[3], loop quantum gravity [4] and noncom-
mutative geometry [5]. The consequence of this is the modification of the Heisenberg
uncertainty principle to the so called generalized uncertainty principle (GUP)
∆x∆p ≥ h¯
2
{
1 + α2(∆p)2
}
(1)
where α = 1/(Mpc) = lp/h¯, Mp is the Planck mass and lp is the Planck length (∼ 10−35m).
This idea has been considered seriously to study the properties of quantum gravity via
the study of black holes. It has been shown in [6]-[9] that an important effect of GUP on
black hole thermodynamics is the existence of a remnant mass for which the evaporation
stops. The semi-classical area theorem connecting the entropy of the black hole with its
horizon area is also found to get logarithmic corrections from the GUP.
Hawking radiation from black holes [10, 11] has been another area where the effect of
GUP has been investigated [12, 13]. For instance in [12], incorporating the GUP effect,
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the tunneling approach in [14] has been adopted to discuss the radiation of massless
scalar particles from the Schwarzschild black hole. In this paper, taking into account the
effects of the GUP, we investigate the tunneling of Dirac particles in the semi-classical
approximation employing the Hamilton-Jacobi method adopted in [15]-[22]. The effect of
GUP is incorporated by modifying the Dirac equation in curved spacetime. The Hamilton-
Jacobi method is then used to solve the equation of motion of the spinor field and then
compute the imaginary part of the action for the (classically forbidden) process of s-
wave emission across the event horizon of the black hole. The principle of “detailed
balance” is then used to relate to the Boltzmann factor for emission at the Hawking
temperature. The result is found to get corrections from the GUP parameter α (coupled
with the energy of the emitted fermions). We then replace the energy by the uncertainty
in the position of the emitted particle near the black hole horizon using the Heisenberg
uncertainty principle and this leads to the result for the Hawking temperature obtained in
the literature from heuristic arguments [8]. Interestingly, this result reveals that the ratio
of the GUP corrected energy of the particle to the GUP corrected Hawking temperature is
equal to the ratio of the corresponding uncorrected quantities. We then apply this result to
derive the Hawking temperature for more general forms of the uncertainty principle. The
results obtained are in agreement with those found in [7]. Our results are also consistent
with those (investigating the effects of GUP on the temperature and entropy of black holes)
obtained by other methods, namely, the path integral method [23], heuristic arguements
involving the GUP and horizon area of the black hole [24], considering corrections to
all orders in the Planck length to the entropy of a scalar field on the background of the
Schwarzschild black hole [25], computing corrections to the thermodynamics of black holes
assuming that the GUP corrected entropy-area relation is universal for all black objects
[26], counting the degrees of freedom near the horizon of the black hole [27].
To take into account the effects of quantum gravity, we adopt the generalized commu-
tation relation in [28] to modify the Dirac equation:
[xi, pj] = ih¯(1 + α
2p2)δij. (2)
The momentum operators consistent with the above commutation relation are therefore
defined as
pi = p0i(1 + α
2p2) (3)
where p0i can be interpreted as the momentum at low energies having the standard rep-
resentation p0i = −ih¯∂x0i in position space satisfying the standard canonical Heisenberg
commutation relations ([xi, p0j] = ih¯δij) and pi as the momentum at higher energies.
The square of momentum operators upto order α2 is therefore given by
p2 = pip
i = −h¯2[1− α2h¯2∂j∂j]∂i[1− α2h¯2∂j∂j]∂i
= −h¯2[∂i∂i − 2α2h¯2(∂j∂j)(∂k∂k)] +O(α4). (4)
The effect of the GUP also modifies the energy [29]
E˜ = E(1 + α2E2) (5)
with E = ih¯∂0 being the energy operator. The modification of the energy due to the effect
of the GUP takes place at high energies and follows by translating eq.(1) to the energy
position uncertainty bound relation [30].
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We now consider a massless Dirac particle in a general class of static, spherically
symmetric spacetime of the form
ds2 = −f(r)dt2 + 1
g(r)
dr2 + r2(dθ2 + sin2 θdφ2) (6)
where the horizon r = rH is given by f(rH) = g(rH) = 0.
The massless Dirac equation is given by
iγµ∇µψ = 0 (7)
where the γ matrices are defined as
γt =
1√
f(r)
(
i 0
0 −i
)
, γr =
√
g(r)
(
0 σ3
σ3 0
)
γθ =
1
r
(
0 σ1
σ1 0
)
, γφ =
1
r sin θ
(
0 σ2
σ2 0
)
. (8)
The covariant derivative is given by
∇µ = ∂µ + i
2
gανΓαµνΣαα
Σαα =
i
4
[γα, γα] , {γµ, γν} = 2gµν . (9)
To get the GUP modified Dirac equation in curved spacetime, we first rewrite eq.(7) as
− iγ0∂0ψ = (iγi∂i − 1
2
γµgανΓαµνΣαα)ψ ; i = r, θ, φ. (10)
The left hand side of the above equation is related to the energy. Using the expressions
for the GUP modified energy operator (5) and the square of the momentum operator (4),
we get upto leading order in α2
− iγ0∂0ψ = (iγi∂i − 1
2
γµgανΓαµνΣαα)(1− α2h¯2∂j∂j)ψ. (11)
For radial trajectories, only the (r − t) sector of the metric (6) is important and hence
the above equation can be expressed as
− iγ0∂0ψ = [iγr∂r − 1
2
(gttγµΓrµt − grrγµΓtµr)Σrt](1− α2h¯2∂j∂j)ψ. (12)
Now the nonvanishing connections for the metric (6) are
Γrtt =
f ′g
2
, Γttr =
f ′
2f
. (13)
To solve eq.(12), we make the following ansatz for the spin up (i.e. positive r direction)1
ψ:
ψ(t, r) =

A(t, r)
0
B(t, r)
0
 exp[ ih¯I(t, r)] (14)
1The spin down (i.e. negative r direction) case can be analysed exactly in the same way.
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where I(t, r) is the one particle action. Substituting this in eq.(12), we obtain the following
set of equations:
i√
f
A∂0I +
√
gB∂rI + α
2g3/2B(∂rI)
3 = 0 (15)
− i√
f
B∂0I +
√
gA∂rI + α
2g3/2A(∂rI)
3 = 0. (16)
In the above equations, we have dropped terms of the order of h¯ and terms which do
not involve the single particle action since they do not contribute to the thermodynamic
entities of the black hole.
Since the metric (6) is stationary it has timelike Killing vectors. Hence we will look for
solutions of this equation in the form
I(t, r) = ωGt+W (r) (17)
where ωG is the GUP corrected energy of the particle. Substituting this in eq(s).(15) and
(16), we get
i√
f
AωG +
√
gB∂rW + α
2g3/2B(∂rW )
3 = 0 (18)
− i√
f
BωG +
√
gA∂rW + α
2g3/2A(∂rW )
3 = 0. (19)
We shall first solve the above equations setting α2 = 0. We shall then use these solutions
to solve the above equations (with nonzero α2) perturbatively upto order α2. Setting
α2 = 0 and noting that ωG = ω (the energy of the particle in the absence of GUP) in the
α = 0 limit leads to the following solutions
A = iB , ∂rW (r) =
ω√
f(r)g(r)
(20)
A = −iB , ∂rW (r) = − ω√
f(r)g(r)
. (21)
Substituting the value of A in eq(s).(18) and (19) and ∂rW (r) in the third term of
eq(s).(18) and (19) leads to the following equation for W (r) upto order α2:
∂rW (r) = ± ωG√
f(r)g(r)
{
1− α
2ω3
f(r)ωG
}
≈ ± ωG√
f(r)g(r)
{
1− α
2ω2
f(r)
}
(22)
where we have set ωG ≈ ω in the second term of the above equation since the computations
are upto order α2. Solving this equation, we obtain
W (r) = ±ωG
∫ r
0
dr√
f(r)g(r)
{
1− α
2ω2
f(r)
}
. (23)
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The limits of the integration are chosen such that the particle goes through the horizon
r = rH . Hence the solution for I(t, r) reads
I(t, r) = ωGt± ωG
∫ r
0
dr√
f(r)g(r)
{
1− α
2ω2
f(r)
}
. (24)
Using the above solution and eq.(14), the ingoing and outgoing solutions of the Dirac
equation (12) can be written as
ψin ∼ exp
 i
h¯
ωGt+ ωG ∫ r
0
dr√
f(r)g(r)
{
1− α
2ω2
f(r)
} (25)
ψout ∼ exp
 i
h¯
ωGt− ωG ∫ r
0
dr√
f(r)g(r)
{
1− α
2ω2
f(r)
} . (26)
Now the nature of the coordinates change for the tunneling of a particle across the horizon
of the black hole. The sign of the metric coefficients in the (r-t) sector gets altered. This
indicates that the t-coordinate has an imaginary part for the crossing of the horizon of the
black hole and correspondingly a temporal contribution will be there to the probabilities
for the ingoing and outgoing particles.
Hence, the ingoing and outgoing probabilities of the particle are given by
Pin = |ψin|2 ∼ exp
2
h¯
ωGIm t+ ωGIm ∫ r
0
dr√
f(r)g(r)
{
1− α
2ω2
f(r)
} (27)
Pout = |ψout|2 ∼ exp
2
h¯
ωGIm t− ωGIm ∫ r
0
dr√
f(r)g(r)
{
1− α
2ω2
f(r)
} (28)
where Im denotes the imaginary part of the expression. Now the ingoing probability Pin
has to be unity in the classical limit (h¯ → 0), that is when there is no reflection and
everything is absorbed. Therefore, in the classical limit, eq.(27) leads to
Im t = −Im
∫ r
0
dr√
f(r)g(r)
{
1− α
2ω2
f(r)
}
. (29)
Using this, the probability of the outgoing particle therefore reads
Pout = |ψout|2 ∼ exp
−4
h¯
ωGIm
∫ r
0
dr√
f(r)g(r)
{
1− α
2ω2
f(r)
} . (30)
Now we apply the principle of “detailed balance” [15] which states that in a system with a
temperature β−1, the emission and absorption probabilities are related by Pem = e−βEPin
which in this case (for a particle with energy ωG emitted at a Hawking temperature Th)
reads
Pout = exp
(
−ωG
Th
)
. (31)
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From eq(s).(30, 31), we obtain the GUP corrected temperature of the black hole to be
Th =
h¯
4
Im ∫ r
0
dr√
f(r)g(r)
{
1− α
2ω2
f(r)
}−1
=
h¯
4
(
Im
∫ r
0
dr
f(r)
{
1− α
2ω2
f(r)
})−1
; for f(r) = g(r). (32)
We shall now compute this for the Schwarzschild black hole for which the metric coeffi-
cients are
f(r) = g(r) =
(
1− rH
r
)
; rH = 2M. (33)
Setting r− 2M = εeiθ in eq.(32) and taking the limit ε→ 0 at the end of the calculation
yields
Th =
h¯
4
(
Im lim
ε→0
∫ 2pi
pi
iεeiθdθ
εeiθ
(2M + εeiθ)
{
1− α
2ω2
εeiθ
(2M + εeiθ)
})−1
=
TH
(1− α2ω2)
= TH(1 + α
2ω2) +O(α4) ; TH = h¯
8piM
. (34)
Now using the saturated form of the uncertainty principle ω∆x = h¯/2 [30] (which follows
from the saturated form of the Heisenberg uncertainty principle ∆x∆p = h¯/2) in the
above equation, we get
Th = TH
[
1 +
α2h¯2
4(∆x)2
]
+O(α4) (35)
which agrees with earlier finding [8] where the result has been derived from heuristic
arguments. Note that ∆x is the uncertainty in the position of the particle near the black
hole horizon and is of the order of the horizon radius rH [6]. Further this uncertainty in
the position of the particle vanishes when it is far away from the horizon of the black hole.
It is now interesting to note that eq.(34) can be put in the following form (by multiplying
it by the inverse of the energy of the particle ω)
ωG
Th
=
ω
TH
(36)
where
ωG = ω
{
1 + α2ω2
}
(37)
is the GUP corrected energy of the particle and is consistent with eq.(5). Note that eq.(36)
reveals that the ratio of the GUP corrected energy of the particle to the GUP corrected
Hawking temperature is equal to the ratio of the corresponding uncorrected quantities.
We shall now use eq.(36) (to compute the GUP corrected Hawking temperature of the
black hole) for more general forms of the uncertainty principle
ωG = ω
1 + a1
(
h¯
2∆x
)2
+ a2
(
h¯
2∆x
)4
+ ...
 . (38)
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Substituting this in eq.(36) gives
Th = TH
1 + a1
(
h¯
2∆x
)2
+ a2
(
h¯
2∆x
)4
+ ...
 . (39)
Setting an = α
2n, n = 1, 2, 3, ..., the infinite series on the right hand side of the above
equation can be summed up and yields
Th =
TH[
1− α2h¯2
4(∆x)2
] . (40)
Note that the above expression for the GUP corrected Hawking temperature is an ex-
act result which can be applied to spherically symmetric black hole spacetimes. The
expression also agrees with eq.(35) upto order α2.
We shall now apply this result to compute the GUP corrected Hawking temeperature
for the Schwarzschild black hole. Near the horizon of the Schwarzschild black hole, the
position uncertainty of a particle will be of the order of the Schwarchild radius of the
black hole [6],[31]
∆x = εrs ; rs = 2M (41)
where ε is a calibration factor and rs is the Schwarzschild radius. Substituting this relation
in eq.(40), we obtain
Th =
TH[
1− α2h¯2
16ε2M2
] . (42)
Remarkably the above result agrees with the one involving the one loop back reaction
effect on the spacetime [32].
We now determine the black hole entropy from the first law of black hole thermodynamics
given by
S =
∫ dM
Th
. (43)
Using eq.(42) and performing the above integration leads to
S = 4piM2 − α
2pi
2ε2
lnM + constant
=
A
4
− α
2pi
4ε2
ln
(
A
16pi
)
+ constant (44)
where A = 4pir2s = 16piM
2 is the area of the horizon. The above result is the well known
area theorem with logarithmic corrections arising from the GUP.
We now summarize our findings. In this paper, based on the Hamilton-Jacobi approach
to tunneling, we compute the GUP corrected Hawking temperature due to tunneling of
massless Dirac particles for spherically symmetric black hole spacetimes. The method
consists in first deriving the GUP modified Dirac equation in the black hole spacetime
and then applying the tunneling formalism. The Hawking temperature is found to contain
7
corrections from the GUP. The result is also consistent with [8] when the energy of the
emitted particles is replaced by the uncertainty in the position of the particle (near the
black hole horizon) using the Heisenberg uncertainty principle. Further, it follows from
the GUP corrected Hawking temperature that the ratio of the GUP corrected energy
of the particle to the GUP corrected Hawking temperature is equal to the ratio of the
corresponding uncorrected quantities. We then apply this result to calculate the Hawking
temperature for more general forms of the uncertainty principle having infinite number
of terms. Setting the coefficients of the terms in the series in a specific way allows one
to sum the infinite series exactly. Interestingly, this leads to a Hawking temperature
for the Schwarzschild black hole that agrees with the result accounting for the one loop
back reaction effect. The entropy is finally computed from the first law of black hole
thermodynamics and yields the area theorem upto logarithmic corrections. It is to be
noted that the presence of remnants evident in our approach (from the expression of the
GUP corrected Hawking temperature of the black hole (35, 40)) [8, 9] is consistent with
that present in the framework of rainbow gravity [33]-[36].
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